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1. Introduction
The topological approach to the motion planning problem in Robotics was initiated by Farber in [6,7]. To each space X
is associated a natural number TC(X), the topological complexity, which is an invariant of homotopy type and quantiﬁes the
complexity of the task of navigation in X . Knowledge of TC(X) is of practical use when designing optimal motion planning
algorithms for mechanical systems whose conﬁguration space is of the homotopy type of X . In topological terms, TC(X) is
the sectional category (or Schwarz genus) of the free path ﬁbration
π : PX → X × X, π(γ ) = (γ (0), γ (1)),
where PX = {γ : I → X} denotes the space of paths in X with the compact-open topology.
The invariant TC(X) is a close relative of the Lusternik–Schnirelmann category cat(X) (the minimum cardinality amongst
covers of X by open sets whose inclusions are null-homotopic), although the two are independent. In fact
cat(X) TC(X) cat(X × X)
for any space X , and either inequality can be an equality (one does not have to look further than the orientable surfaces
for examples, see [6, Theorem 9]). There is strong evidence that TC(X) captures ﬁner information about the homotopy
type of X than does cat(X), and is therefore harder to compute. For instance, computing the topological complexity of real
projective spaces is equivalent to solving the immersion problem for these manifolds [11], whereas cat(Pn) = n+1. Another
striking example is given by aspherical spaces, whose category equals the cohomological dimension of their fundamental
group (see [5,21]). However no such algebraic description of the topological complexity is known, even conjecturally (see
the Introduction to [2] for a discussion of this problem and a survey of known results).
E-mail address:mark.grant@ed.ac.uk.0166-8641/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2011.07.025
M. Grant / Topology and its Applications 159 (2012) 88–97 89In order to compute TC(X), one looks for approximating invariants. Lower bounds come from the cohomology algebra,
in terms of the so-called zero-divisors cup-length [6]. These can be sharpened using cohomology operations, both stable
[10] and unstable [13]. A general upper bound can be given in terms of covering dimension. Namely, if X is a paracompact
space, then TC(X) 2dim(X) + 1. If X is simply-connected, this can be strengthened to TC(X) dim(X) + 1.
In this paper we investigate the relationship of topological complexity with compact group actions. For G a compact
Lie group acting on a manifold X , we denote by Gx = {g ∈ G | g · x = x} the stabiliser subgroup of a point x ∈ X , and by
F (H, X) = {x ∈ X | h · x = x for all h ∈ H} the ﬁxed point set of a subgroup H ⊆ G . A principal orbit is a special type of orbit
of maximal dimension. In Section 5 below, we obtain the following result.
Theorem 1.1 (Theorem 5.2). Let X be a closed, connected smooth manifold. Let G be a compact Lie group acting locally smoothly on X,
with principal orbit P . Suppose that for all pairs of points x, y ∈ X, either of the following conditions holds:
(1) The ﬁxed-point set F (Gx ∩ Gy, X) is path-connected;
(2) x, y ∈ F (G, X) are ﬁxed points.
Then
TC(X) 2dim(X) − dim(P ) + 1.
We apply this result to obtain upper bounds on the topological complexity of various spaces of interest, such as manifolds
with free or semi-free group actions, homology spheres and mapping tori of periodic diffeomorphisms.
The above result on group actions is obtained by applying the following result to the orbit map p : X × X → (X × X)/G
of the diagonal action.
Theorem 1.2 (Theorem 4.3). Let X be a normal ENR, and let q : X × X → Y be a closed map with Y paracompact. Suppose further that
TCX (q−1(y)) n for each y ∈ Y . Then
TC(X) (dim Y + 1) · n.
The deﬁnition of the subspace topological complexity TCX (A) where A ⊆ X × X can be found in Section 2 below. As
another application of Theorem 4.3 we give a quick proof of (part of) the Theorem of Farber, Tabachnikov and Yuzvinsky
[11] on immersion dimension (see Corollary 4.5).
We also discuss the topological complexity of ﬁbrations. The main result of Section 3 is the following strengthening of
Lemma 7 in [10].
Theorem 1.3 (Theorem 3.1). Let F E × E q Y be a ﬁbration with Y path-connected. Then
TC(E) cat(Y ) · TCE(F ).
We apply this result to bound the topological complexity of aspherical spaces with nilpotent fundamental group.
Corollary 1.4 (Corollary 3.8). Let Γ be a ﬁnitely generated torsion-free nilpotent group with centre Z  Γ . Then
TC(Γ ) 2 · rank(Γ ) − rank(Z) + 1.
The results and proofs presented here are very much inﬂuenced by the corresponding results for Lusternik–Schnirelmann
category, obtained by Oprea and Walsh [17].
2. Topological complexity
In this section we collect several deﬁnitions and results pertaining to numerical invariants, beginning with the Lusternik–
Schnirelmann category of a space pair (X, B).
Deﬁnition 2.1 ([3]). Let X be a path-connected space with subspace B ⊆ X . The subspace category of B in X , denoted
catX (B), is the smallest integer k for which B admits an open cover B = U1 ∪ · · · ∪ Uk with each composition of inclusions
U j ↪→ B ↪→ X null-homotopic. If no such integer exists we set catX (B) = ∞.
Note that catX (∅) = 0 and catX (X) = cat(X), the usual Lusternik–Schnirelmann category of X . Note also that catX (B) = 1
if and only if the inclusion B ↪→ X is null-homotopic.
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is null-homotopic). Here we choose not to do so, mainly to jibe with the existing literature on topological complexity.
Deﬁnition 2.3 ([19,3]). Let p : E → X be a (Hurewicz) ﬁbration. The sectional category of p, denoted secat(p) (also called the
Schwarz genus of p) is the smallest integer k for which the base X admits a cover X = U1 ∪ · · · ∪ Uk by open sets, each of
which admits a continuous local section si : Ui → E of p (that is, si is continuous and p ◦ si is the inclusion Ui ↪→ X ). If no
such integer exists we set secat(p) = ∞.
We remark that Deﬁnition 2.3 generalises Deﬁnition 2.1, in the following sense. For a path-connected space X , let P X =
{γ : I = [0,1] → X | γ (0) = x0} denote the space of all paths in X emanating from a ﬁxed base-point x0 ∈ X , endowed with
the compact-open topology. It is well known that the end-point map
p : P X → X, p(γ ) = γ (1)
is a ﬁbration. Given any subspace B ⊆ X we have catX (B) = secat(p|B), where p|B : p−1B → B denotes the restriction to
paths terminating in B .
For any space X , let PX = {γ : I → X} denote the space of free paths in X , endowed with the compact-open topology.
It is well known (see Spanier [20]) that the end-point map
π : PX → X × X, π(γ ) = (γ (0), γ (1))
is a ﬁbration.
Deﬁnition 2.4 ([6,7,9]). Let X be a path-connected space, with A ⊆ X × X a subspace of the product. The subspace topological
complexity of A in X is deﬁned to be
TCX (A) = secat(π |A),
where π |A : π−1A → A denotes the restriction to paths whose pair of initial and terminal points lies in A.
Note that TCX (∅) = 0 and TCX (X × X) = TC(X), the usual topological complexity of X .
Lemma 2.5 ([9]). For a nonempty subspace A ⊆ X × X, the following are equivalent:
(1) TCX (A) = 1;
(2) The projections X A
p1 p2
X are homotopic;
(3) The inclusion A ↪→ X × X is homotopic to a map with values in the diagonal (X) = {(x, x)} ⊆ X × X.
The proof is straightforward and is omitted. More generally, TCX (A) is the smallest integer k for which A admits an
open cover A = U1 ∪ · · · ∪ Uk with each composition of inclusions U j ↪→ A ↪→ X × X homotopic to a map with values in
(X).
Lemma 2.6. Let X ba a path-connected space with subspace B ⊆ X. Then
catX (B) TCX (B × B) catX×X (B × B).
Proof. The second inequality is obvious (since if U ⊆ B × B is null-homotopic in X × X , then it is homotopic into the
diagonal). To obtain the ﬁrst inequality, suppose TCX (B × B) = k. Then we have an open cover B × B = U1 ∪ · · · ∪ Uk
and local sections s j : U j → PX of π for j = 1, . . . ,k. Choose a basepoint b0 ∈ B and consider the map i : B → B × B ,
i(b) = (b,b0). The sets V j = i−1U j cover B , are open, and admit contractions in X deﬁned by setting σ j : V j × I → X ,
σ j(b, t) = s j(b,b0)(t). 
We record here the relation with covering dimension [19]: if A ⊆ X × X is paracompact, then
TCX (A) dim(A) + 1. (1)
Many other properties of the subspace topological complexity are discussed in [9, Chapter 4]. Here we will need the follow-
ing lemma.
Lemma 2.7. Let X be a normal ENR. If A ⊆ X × X is closed and T CX (A) n, then there exist open sets W1, . . . ,Wn in X × X such
that A ⊆⋃i Wi and π : PX → X × X admits a local section on each Wi .
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we obtain another cover Vi such that Vi ⊆ V i ⊆ Ui for all i = 1, . . . ,n. Note that V i is closed in X × X .
The projections p1, p2 : V i → X are homotopic, and since X × X is a normal ENR there exist open sets Wi ⊇ V i in X × X
such that p1, p2 : Wi → X are homotopic (by the conclusion of Exercise IV.8.2 of [4]). The Wi cover A, and admit local
sections of π , completing the proof. 
3. Fibrations
It is well known that the Lusternik–Schnirelmann category behaves sub-additively with respect to ﬁbrations. That is, if
F E
p
B is a ﬁbration, then
cat(E) cat(B) · catE(F ) cat(B) · cat(F ). (2)
Here we investigate analogous inequalities for topological complexity. We remark that, for a ﬁbration p as above, the ques-
tion of whether the inequality
TC(E) TC(B) · TC(F ) (3)
holds in general remains open.
In Lemma 7 of [10] it was noted that, if F E
p
B is a ﬁbration, then
TC(E) cat(B × B) · TC(F ). (4)
This fact is obtained using the lifting properties of the two-fold product ﬁbration F × F E × E p×p B × B. Here
we strengthen inequality (4) in two ways: by considering ﬁbrations q : E × E → Y which aren’t necessarily products; and by
replacing TC(F ) with the potentially smaller number TCE (F × F ) in the product case.
Theorem 3.1. Let F E × E q Y be a ﬁbration with Y path-connected. Then
TC(E) cat(Y ) · TCE(F ). (5)
In particular, applied to the product ﬁbration F × F E × E p×p B × B this gives
TC(E) cat(B × B) · TCE(F × F ). (6)
Proof. Choose a base-point b ∈ Y ; the relative topological complexity in the statement refers to the ﬁbre F = Fb ⊆ E × E .
Let cat(Y ) = k, and assume Y is covered by open sets V1, . . . , Vk each having a contraction into {b}. The sets G j = q−1(V j)
for j = 1, . . . ,k form an open cover of E × E . For each index j the ﬁbration property gives a homotopy H jt : G j → E × E
with H j0 the inclusion and H
j
1(G j) ⊆ F . Now let TCE (F ) = , and assume F covered by open sets W1, . . . ,W on each of
which π admits a local section si : Wi → PE . The sets Uij := (H j1)−1(Wi) for i = 1, . . . , , j = 1, . . . ,k form an open cover
of E × E , and we claim that there is a local section σi j of π on each of them. Informally, given a point (x, y) ∈ Uij the path
σi j(x, y) : I → E from x to y is the concatenation of three paths: ﬁrst, the projection of H jt (x, y) on to the ﬁrst coordinate;
second, the path si(H
j
1(x, y)); ﬁnally, the projection of H
j
1−t(x, y) onto the second coordinate. More explicitly,
σi j(x, y)(t) =
⎧⎪⎪⎨
⎪⎪⎩
p1 ◦ H j3t(x, y) 0 t  1/3;
si(H
j
1(x, y))(3t − 1) 1/3< t  2/3;
p2 ◦ H j3−3t(x, y) 2/3< t  1. 
Remark 3.2. The above proof generalises immediately to show that
TC(E) cat(q) · TCE(F ),
where cat(q) denotes the category of the map q : E × E → Y (recall that the category of a map f : X → Y is the smallest
integer k such that X admits an open cover X = U1 ∪ · · · ∪Uk with each restriction f |Ui : Ui → Y null-homotopic). However
we will not require this level of generality here.
Can inequality (6) ever yield better upper bounds for TC(E) than inequality (4)? Suppose F i E
p
B is a
ﬁbration with non-contractible ﬁbre, such that the ﬁbre inclusion i : F → E is null-homotopic. Then the map i × i : F × F →
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Hence inequality (6) gives
TC(E) cat(B × B), (7)
which we could not have concluded from inequality (4) alone. However, inequality (7) can be obtained from the corre-
sponding inequality (2) for category applied to the ﬁbration p × p : E × E → B × B , since
TC(E) cat(E × E) cat(B × B) · catE×E (F × F ) = cat(B × B),
where the ﬁrst inequality is completely general (see [7, Theorem 5]).
Example 3.3. If p : X˜ → X is a covering space with X˜ path-connected, then
TC( X˜) cat(X × X).
Example 3.4 ([17, Example 4.5]). The complex Stiefel ﬁbrations
U (k) Vk,n(C)
ρ
Gk,n(C)
have null-homotopic ﬁbre inclusions for 2k n, where Vk,n(C) denotes the space of k-frames in Cn . Hence when 2k n we
may conclude that
TC
(
Vk,n(C)
)
 cat
(
Gk,n(C) × Gk,n(C)
)= 2k(n − k) + 1.
Remark 3.5. It may be that there exist ﬁbrations F
i
E
p
B for which
1 < TCE(F × F ) < TC(F ).
We do not currently know of any examples (although we note that the latter inequality holds whenever TC(E) < TC(F )).
We now turn to cases where the more general (5) may be applied.
Example 3.6. Let G be a connected topological group. The map μ : G × G → G given by (g,h) → gh−1 is a principal G-
bundle. (To see this, consider the free right G-action of G on G × G given by (g,h) · g1 = (gg1,hg1), and note that μ
can be identiﬁed with the orbit map G × G → (G × G)/G of this action.) Since the ﬁbre over the identity is the diagonal
G ⊆ G × G , Theorem 3.1 gives
TC(G) cat(G).
As cat(X) TC(X) for any space [9, Theorem 5], this recovers the fact that TC(G) = cat(G), ﬁrst proved as Lemma 8.2 of [7].
In [8], Farber posed the problem of computing TC(Γ ) := TC(K (Γ,1)), where Γ is a torsion-free discrete group, in
algebraic terms. The following result may be useful in this regard.
Proposition 3.7. Let Γ be a torsion-free discrete group, and let Z  Γ be its centre. Identify Z with its image under the diagonal
embedding d : Γ → Γ × Γ (which is also a normal subgroup). Then
TC(Γ ) cat
(
(Γ × Γ )/Z).
Proof. Letting H := (Γ × Γ )/Z denote the quotient group, we have a group extension
{1} → Z d|Z Γ × Γ H → {1} (8)
which leads to a ﬁbration of the corresponding Eilenberg–Mac Lane spaces
K (Z,1)K (d|Z ,1)K (Γ × Γ,1) K (H,1).
Since the homomorphism d|Z factors through d, the map K (d|Z ,1) factors through K (d,1) : K (Γ,1) → K (Γ × Γ,1) =
K (Γ,1) × K (Γ,1) up to homotopy. But K (d,1) is homotopic to the diagonal map  : K (Γ,1) → K (Γ,1) × K (Γ,1). Hence
TCK (Γ,1)(K (Z,1)) 1, and the result follows on applying Theorem 3.1. 
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Γ = Γ0  Γ1  · · · Γn = {1}
with all quotients Γi/Γi+1 free abelian. The sum of the ranks of these quotients is the rank, (or Hirsch number) of Γ , and is
denoted rank(Γ ). It is a well-known fact (see Gruenberg [14, Section 8.8]) that rank(Γ ) = cd(Γ ) for Γ ∈ G , where cd(Γ ) is
the cohomological dimension (the largest integer k such that the group cohomology Hk(Γ ; A) = 0 for some Γ -module A).
On the other hand, Eilenberg and Ganea [5] and Stallings [21] have shown that cd(Γ ) + 1 = cat(Γ ) := cat(K (Γ,1)) for any
ﬁnitely generated group. Therefore, for Γ ∈ G we have cat(Γ ) = rank(Γ ) + 1.
Corollary 3.8. Let Γ be a ﬁnitely generated torsion-free nilpotent group with centre Z  Γ . Then
TC(Γ ) 2 · rank(Γ ) − rank(Z) + 1. (9)
Proof. Since the class G is closed under formation of ﬁnite direct products and subgroups, we have Z,Γ × Γ ∈ G . The
quotient H := (Γ ×Γ )/Z is ﬁnitely generated and nilpotent. It is easily seen that torsion in H would imply torsion in Γ/Z .
However the latter group is torsion-free, as follows from [16, 1.2.20]. Therefore all the groups in the extension (8) above are
in the class G . Since the rank is additive on extensions in this class, we have
TC(Γ ) cat(H) = rank(H) + 1= rank(Γ × Γ ) − rank(Z) + 1 = 2 · rank(Γ ) − rank(Z) + 1
as required. 
Remark 3.9. It is natural to ask to what extent the inequality (9) is sharp. To this end, one seeks lower bounds for TC(X)
when X = K (Γ,1) is a nilmanifold, in terms of cohomology theory. If Γ is abelian, then X is a torus and (9) is an equality
in this case. In all other cases, the presence of non-trivial Massey products in rational cohomology suggest that the methods
of [13] may be of use. We hope to return to this question in a future paper, noting here that TC(X) cat(X) = dim(X)+1 =
rank(Γ ) + 1 is currently the best known lower bound.
4. Closed maps
In this section we extend Theorem 3.1 to closed maps q : X × X → Y . (Recall that a map is closed if it sends closed sets to
closed sets; in particular, any map q : X × X → Y is closed if X × X is compact and Y is Hausdorff.) This greater generality
comes at the expense of replacing cat(Y ) with the potentially larger number dim(Y ) + 1. The results in this section were
inspired by the corresponding results for category appearing in the paper [17].
Lemma 4.1 ([17], [3, Lemma A.4]). Let B be a paracompact space with covering dimension dim(B) = n, and let U = {Uα} be any open
cover of B. Then there exists an open reﬁnement G = {Giβ}, i = 1, . . . ,n + 1 of U such that Giβ ∩ Giβ ′ = ∅ for β = β ′ .
Lemma 4.2 ([17], [3, Lemma 9.39]). Let q : B → Y be closed, y ∈ Y . If U ⊆ B is an open set with q−1(y) ⊆ U , then there exists a
saturated open set V such that q−1(y) ⊆ V ⊆ U (recall that V ⊆ B is saturated if it is the inverse image of an open set in Y ).
Theorem 4.3. Let X be a normal ENR, and let q : X × X → Y be a closed map with Y paracompact. Suppose further that
TCX (q−1(y)) n for each y ∈ Y . Then
TC(X) (dim Y + 1) · n.
Proof. Let O y denote the ﬁbre q−1(y). By assumption, TCX (O y) n. So by Lemma 2.7 we can cover O y by sets U y1 , . . . ,U
y
n
open in X × X admitting local sections of π : PX → X × X . By Lemma 4.2 there exists for each ﬁbre a saturated open set
V y such that
O y ⊆ V y ⊆ U y =
⋃
i
U yi .
Now V y = q−1 V˜ y by saturation. Then {V˜ y}y∈Y is an open cover of Y . Let k = dim(Y ). By Lemma 4.1 there exists a re-
ﬁnement {G˜ iβ}, i = 1, . . . ,k + 1 such that each G˜ i is a disjoint union of open sets ⋃β G˜ iβ , each of which is contained in
some V˜ y .
Let Gi = q−1(G˜ i) and Giβ = q−1(G˜ iβ). Suppose G˜ iβ ⊆ V˜ y . Then
Giβ = q−1(G˜ iβ) ⊆ q−1 V˜ y ⊆ U y .
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⋃
β Giβ j . Note that Gij is a disjoint union of open sets
admitting local sections of π . Note also that the Gij cover X × X , and there are (k + 1) · n of them. Hence TC(X × X) 
(k + 1) · n as required. 
Corollary 4.4.With X, Y and q : X × X → Y as in Theorem 4.3, we have
TC(X)
(
dim(Y ) + 1)(dim(q) + 1),
where dim(q) = sup{dimq−1(y) | y ∈ Y } denotes the covering dimension of the map q.
Proof. This follows immediately from Theorem 4.3 and inequality (1). 
In the next section we will apply Theorem 4.3 to estimate the topological complexity of spaces with group actions. It
may also be applied to give a quick proof of (part of) the result of Farber, Tabachnikov and Yuzvinsky [11], relating the
topological complexity of real projective spaces to their immersion dimension.
For any natural number n, let Pn denote real projective n-space, and let w ∈ H1(Pn;Z2) denote the generator. Recall
that a map a : Pn × Pn → Pr is called axial if the restriction of a to each factor {∗} × Pn and Pn × {∗} is homotopic to the
inclusion Pn ↪→ Pr . An equivalent condition is that a∗(w) = 1× w + w ×1 ∈ H1(Pn × Pn;Z2). The main Theorem 6.1 of [11]
can be reformulated as
TC(Pn) r + 1 if and only if there exists an axial map a : Pn × Pn → Pr .
It follows that TC(Pn) equals one plus the immersion dimension for n = 1,3,7.
Here we prove the if part of their statement using Theorem 4.3.
Corollary 4.5. If there exists an axial map a : Pn × Pn → Pr , then TC(Pn) r + 1.
Proof. The conclusion is always true when r  2n, by the general dimensional upper bound TC(Pn) 2n + 1. If r  n then
r = n and we must be in one of the exceptional cases n = 1,3,7, in which case TC(Pn) = n+ 1. Hence we may assume that
n < r < 2n.
Since the axial condition is homotopical, we may assume that a : Pn × Pn → Pr is a smooth proper submersion. Note
that the map a satisﬁes all the hypotheses of Theorem 4.3, so it suﬃces to check that TCPn (a−1(y)) 1 for every y ∈ Pr .
Each ﬁber F y := a−1(y) ⊆ Pn × Pn is a smooth submanifold of dimension 2n − r. Let ι : F y ↪→ Pn × Pn be the inclusion,
and let p1, p2 : Pn × Pn → Pn be the projections. Recall that TCPn (F y) 1 if and only if p1 ◦ ι  p2 ◦ ι : F y → Pn . Since F y
has the homotopy type of a CW-complex of dimension 2n−r < n, there are isomorphisms [F y, Pn] ∼= [F y, P∞] ∼= H1(F y;Z2),
so we only need to show that (p1 ◦ ι)∗(w) = (p2 ◦ ι)∗(w), where w ∈ H1(Pn;Z2) is the generator. But
(p1 ◦ ι)∗(w) = (p2 ◦ ι)∗(w) ⇐⇒ ι∗(w × 1) = ι∗(1× w)
⇐⇒ ι∗(1× w + w × 1) = 0
⇐⇒ ι∗a∗(w) = 0,
where the latter equality is clearly true since a ◦ ι is constant. 
5. Group actions
We now apply the results of previous sections to obtain upper bounds for the topological complexity in the presence of
group actions. In this section, G will always be a compact Lie group, and X a closed, connected smooth manifold. We quote
several results from the theory of compact transformation groups, all of which may be found in the books of Bredon [1] or
tom Dieck [23].
We ﬁx some notation. For a (left) G-action ρ : G × X → X we will use the shorthand ρ(g, x) = g · x. The orbit of the
element x ∈ X under this action is G(x) = {g · x | g ∈ G} ⊆ X . The stabiliser of x ∈ X is the subgroup Gx = {g ∈ G | g · x = x}
in G . The action is free if each stabiliser Gx is the trivial subgroup {e} (where e ∈ G is the identity element). The action is
semi-free if each stabiliser Gx is either {e} or G .
The ﬁxed point set of a subgroup H of G is the subspace of X deﬁned by F (H, X) = {x ∈ X | h · x = x for all h ∈ H}.
Let X/G denote the space of orbits of the action, given the quotient topology via the orbit map p : X → X/G which sends
x ∈ X to G(x). Since X is compact, so is X/G . Since G is compact and Hausdorff, X/G is Hausdorff. Note that p is therefore
closed. If the action is free, then p is a principal G-bundle, hence a ﬁbration.
Evaluation at a point x ∈ X deﬁnes a map evx : G → X , given by evx(g) = g · x, whose image is G(x). Since G is compact,
the induced map qx : G/Gx → G(x) on cosets given by qx(gGx) = g · x is a homeomorphism onto the orbit. The orbit G(x) is
said to be of type G/Gx .
M. Grant / Topology and its Applications 159 (2012) 88–97 95A G-action G × X → X is called locally smooth if there is a linear tube ϕ : G ×H V → X about every orbit of type G/H
(here V is an orthogonal representation of H). We refer to Bredon [1], Chapter IV for background material on this concept.
Note that smooth actions are locally smooth. Locally smooth actions have principal orbits, that is orbits of type G/H where
H is conjugate to a subgroup of any stabiliser group Gx ⊆ G . Principal orbits are orbits of maximal dimension. An orbit of
maximal dimension which is not principal is called an exceptional orbit. Our primary interest in locally smooth actions stems
from the fact that the covering dimension of their orbit spaces is well understood. In fact, let P be a principal orbit of a
locally smooth action G × X → X . Then [1, Theorem IV.3.8] states that
dim(X/G) = dim(X) − dim(P ). (10)
The above comments and notations apply also to actions of G on the product X × X . Applying Theorems 3.1 and 4.3 to
the orbit map p : X × X → (X × X)/G , we obtain the following.
Corollary 5.1. Suppose that G acts locally smoothly on X× X, and each orbit G(x, y) has TCX (G(x, y)) n. If P ⊆ X× X is a principal
orbit, then
TC(X)
(
2dim(X) − dim(P ) + 1)n.
If the action is free, then
TC(X) cat
(
(X × X)/G)n.
Obvious candidates for G-actions on the product X × X are diagonal actions. Recall that given an action of G on X there
is an associated diagonal action
G × X × X → X × X, (g, (x, y)) → (g · x, g · y)
of G on X × X . The diagonal action associated to a locally smooth G-action is locally smooth. Notice that the stabiliser of
a point (x, y) is G(x,y) = Gx ∩ Gy , the intersection of the stabilisers of x and y. It follows that a principal orbit P ′ of the
diagonal action has dim(P ′)  dim(P ). The following result gives suﬃcient conditions for the orbits G(x, y) ⊆ X × X of a
diagonal action to have TCX (G(x, y)) 1.
Theorem 5.2. Suppose G acts locally smoothly on X with principal orbit P . Suppose further that for any (x, y) ∈ X × X one of the
following conditions holds:
(1) F (Gx ∩ Gy, X) is path-connected;
(2) x, y ∈ F (G, X).
Then each orbit of the diagonal action of G on X × X has TCX (G(x, y)) 1, and consequently
TC(X) 2dim(X) − dim(P ) + 1.
Proof. Fix an orbit G(x, y), and choose a representative pair (x, y) ∈ X × X . Note that x ∈ F (Gx, X) ⊆ F (Gx ∩ Gy, X) and
y ∈ F (Gy, X) ⊆ F (Gx ∩ Gy, X). In case (1), we may choose a path γ : I → F (Gx ∩ Gy, X) with γ (0) = x and γ (1) = y. Then
evaluation at γ induces the map qγ in the commutative diagram
G
evγ
X I , g gγ
G/(Gx ∩ Gy)
qγ
g(Gx ∩ Gy)
Now q(x,y) : G/(Gx∩Gy) → G(x, y) is a homeomorphism onto the orbit. Hence we may deﬁne a local section s : G(x, y) → X I
of π by setting s = qγ ◦ q−1(x,y) , s(gx, gy) = gγ .
In case (2) the orbit G(x, y) = {(x, y)} is a point, and so TCX (G(x, y)) = 1 trivially. 
Corollary 5.3. If G acts locally smoothly, non-trivially and semi-freely on X, then
TC(X) 2dim(X) − dim(G) + 1.
If G acts locally smoothly and freely on X, then
TC(X) cat
(
(X × X)/G) 2dim(X) − dim(G) + 1.
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dim(G). 
Corollary 5.4 (Homology spheres). Let Σ be an odd dimensional integral homology sphere. Suppose Σ admits a non-trivial locally
smooth action of S1 for which the exceptional orbits are all of type Zp , p prime. Then
TC(Σ) 2dim(Σ).
Proof. The non-triviality of the action implies that a principal orbit has dimension one. The intersections of stabilisers are
either trivial, all of S1, or Zp for some prime p. Hence it is enough by Theorem 5.2 to show that the ﬁxed point set
F (Zp,Σ) of each subgroup Zp ⊂ S1 is either empty or path-connected.
We use results from Smith theory. When p is odd, since Σn is a Zp-cohomology n-sphere it follows that F (Zp,Σ) is a
Zp-cohomology r-sphere, where n − r is even, and hence r is odd (see for example [1, Theorem III.7.1]). The case r = −1 is
included and corresponds to F (Zp,Σ) = ∅. Hence F (Zp,Σ) is either empty or path-connected.
When p = 2 the same result implies that F = F (Z2,Σ) is a Z2-cohomology sphere, but possibly zero dimensional. To
show that this cannot occur, we invoke the extension of Smith’s result due to Heller [15] and Swan [22] (see also [1,
Theorem VII.2.2]). Note that Z2 ⊂ S1 acts trivially on the integral cohomology H∗(Σ;Z), since S1 is path-connected. It
follows that
rk H0(F ;Z2)
∑
i0
rk H2i(F ;Z2)
∑
i0
rk H2i(Σ;Z2) = 1,
the last equality since Σ is an odd dimensional Z2-cohomology sphere. 
Example 5.5. Let p,q, r > 1 be distinct primes. The Brieskorn variety
Σ(p,q, r) = {(z1, z2, z3) ∈ C3 ∣∣ zp1 + zq2 + zr3 = 0}∩ S5 ⊂ C3
is an integral homology 3-sphere. Smooth circle actions on the Brieskorn varieties Σ(p,q, r) have been studied by Orlik. In
particular, Section 9 of [18] describes a ﬁxed-point free action with exceptional orbits of type Zp , Zq and Zr . Hence
TC
(
Σ(p,q, r)
)
 6.
Note that the Σ(p,q, r) are not simply-connected in general. The author does not know how to obtain this upper bound by
other methods.
Remark 5.6. The above example includes the case of the Poincaré sphere Σ = Σ(2,3,5), which admits an alternative
description as the homogeneous manifold SO(3)/I , where I denotes the icosahedral group of order 60. Thus Σ admits a
natural action of the 3-dimensional group SO(3) with ﬁnite stabilisers, hinting that the above result may be suboptimal
in this case. However, we were unable to show that TC(Σ)  4 by our methods, due to the fact that dihedral groups can
seemingly occur as intersections of stabilisers, giving disconnected ﬁxed point sets F (Gx∩Gy,Σ) = S0. Note that cat(Σ) = 4,
see [12].
Corollary 5.7. Let φ : X → X be a diffeomorphism of prime period p (meaning φp = IdX ). Let M = Mφ = I × X/(1, x) ∼ (0, φ(x)) be
the mapping torus of φ . If the ﬁxed-point set Xφ is path-connected, then
TC(M) 2dimM.
Proof. Under the natural smooth action of S1 on M , the stabiliser of a point [t, x] is either {1} or Zp , depending on
whether x ∈ X is free or ﬁxed under φ. Note that the ﬁxed point set F (Zp,M) is diffeomorphic with S1 × Xφ , hence is
path-connected. Now apply Theorem 5.2. 
Example 5.8. Consider the involution φ : Sn → Sn given by reﬂection in the equator Sn−1 ⊂ Sn . For n > 1 the ﬁxed-point
set of φ is path-connected, and so TC(Mφ)  2n + 2. For example, the 3-dimensional Klein bottle K 3 = Mφ:S2→S2 has
TC(K 3) 6. However, our methods do not apply to the 2-dimensional Klein bottle K 2, which can be viewed as the mapping
torus of the complex conjugation φ : S1 → S1 with ﬁxed-point set S0.
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